G_2 Domain Walls in M-theory by House, Thomas & Lukas, Andre
ar
X
iv
:h
ep
-th
/0
40
91
14
v1
  1
0 
Se
p 
20
04
hep-th/0409114
G2 Domain Walls in M-theory
Thomas House∗ and Andre´ Lukas§
Department of Physics and Astronomy, University of Sussex
Falmer, Brighton BN1 9QJ, UK
Abstract
M-theory is considered in its low-energy limit on a G2 manifold with non-vanishing flux. Using
the Killing spinor equations for linear flux, an explicit set of first-order bosonic equations for
supersymmetric solutions is found. These solutions describe a warped product of a domain wall
in four-dimensional space-time and a deformed G2 manifold. It is shown how these domain
walls arise from the perspective of the associated four-dimensional N = 1 effective supergravity
theories. We also discuss the inclusion of membrane and M5-brane sources.
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1 Introduction
It is well-known that M-theory compactified on manifolds withG2 holonomy leads to four-dimensional
effective supergravities with N = 1 supersymmetry [1, 2, 3]. While such compactifications on
smooth G2 spaces give rise to non-realistic theories in four dimensions, simply consisting of Abelian
vector multiplets and uncharged chiral multiplets, it has been more recently discovered that phe-
nomenologically interesting theories can arise when the G2 space develops singularities [4, 5, 6].
Accordingly, there has been considerable activity on the subject [7]–[21] of M-theory on G2 spaces.
As most low-energy theories from string- or M-theory, the four-dimensional effective theories
from M-theory on G2 spaces contain a number of moduli fields, associated to the possible defor-
mations of the G2 space. These moduli need to be fixed by a low-energy potential to have a stable
vacuum and any hope for “realistic” low-energy physics. It has been known for some time [22, 23, 24]
and has recently been studied in more detail [17, 25, 26, 27], that flux of anti-symmetric tensor
fields is an effective tool to fix moduli. Hence, G2 flux compactifications constitute an interesting
framework for low-energy physics from M-theory.
It is these compactifications we wish to study in the present paper. Generally, there are two
somewhat complementary ways to approach flux compactifications [28, 29]. Firstly, it can be
studied using the higher-dimensional theory by computing the (supersymmetric) deformations of
the G2 background due to non-vanishing flux. Typically one expects the flux to deform the G2
space, introduce warping and modify the external four-dimensional Minkowski space to a domain
wall, as in the analogous case for Calabi-Yau manifolds [30, 28, 29]. Examples of these domain wall
solutions have been studied in Refs. [32, 33]. A systematic analysis of such flux backgrounds can
be carried out by applying the formalism of G structures to M-theory compactifications [34]–[40].
Alternatively, the problem can be approached from the viewpoint of the four-dimensional ef-
fective supergravities which arise from a flux-compactification on (un-deformed) G2 spaces. The
general structure of such theories, including a formula for the flux superpotential, has been derived
in Ref. [10]. Due to the presence of the non-trivial superpotential, the simplest solution to these
theories is not four-dimensional Minkowski space but, rather, a domain wall.
The main goal of this paper is analyze G2 flux compactifications from both viewpoints and
discuss the relation between them. On the one hand, we will compute the supersymmetric de-
formation of the 11-dimensional G2 background due to flux. This will be done to linear order in
flux, following the logic of the calculation in Ref. [30, 31]. We will then consider the associated
four-dimensional N = 1 supergravities and find their exact BPS domain wall solutions. It is shown
that these four-dimensional BPS domain walls can be viewed as the zero-mode part of the full
11-dimensional solution. We also demonstrate that the solutions can be supported by either a
membrane, located entirely in the external space, or an M5-brane wrapping a three-cycle within
the G2 space.
We consider these results to be “physically” relevant in two ways. Although, theG2 domain walls
do not respect four-dimensional Poincare´ invariance they may still provide a basis for phenomeno-
logically viable compactifications. This is because non-perturbative effects which can be included
in the four-dimensional effective theory may yet produce a minimum of the potential [22, 25, 41, 42]
and modify the domain wall to a four-dimensional maximally symmetric space. More directly, our
solutions represent the simplest way in which a membrane (or a wrapped M5-brane) would appear
in “our” four-dimensional universe if it indeed arises from G2 compactification of M-theory. In
this sense, our results may provide the starting point for an analysis of topological defects in an
M-theory universe.
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The plan of the paper is as follows. The next section sets up some basic equations and con-
ventions and in Section 3 we derive the first-order differential equations describing the G2 domain
walls. In Section 4, these equations are solved explicitly in terms of a mode expansion on the G2
space. The inclusion of membrane and M5-brane sources is discussed in Section 5. In Section 6 we
review the four-dimensional N = 1 supergravities from M-theory on G2 spaces with flux and find
their domain wall solutions. These solutions are then compared to their 11-dimensional counter-
parts. We conclude in Section 7. Some technical information on gamma matrix conventions and
on G2 group properties is collected in two appendices.
2 Supergravity in 11 dimensions
In this section, we summarize our conventions for 11-dimensional supergravity, following Ref. [43],
and set up some notation. The bosonic part of the action is given by
S11 =
1
2
∫
X11
d11x
[√−gR− 1
2
F ∧ ∗F − 1
6
A ∧ F ∧ F
]
, (1)
where g is the 11-dimensional metric, R is the associated Ricci scalar and A is a three-form field
with field strength F = dA. For simplicity, we have set the 11-dimensional Newton constant κ11 to
one. Throughout our calculations we take the expectation value of the gravitino Ψ to vanish. This
means that we only need concern ourselves with the bosonic equations of motion for this system,
which are
dF = 0 , (2)
d∗F = −1
2
F ∧ F , (3)
RIJ =
1
12
(FIKLMF
KLM
J −
1
12
gIJF · F ) . (4)
Here I, J . . . are 11-dimensional space-time indices and RIJ is the Ricci tensor. For p-forms ζ, χ,
the notation ζ · χ stands for the contraction of indices ζi1...ipχi1...ip .
The supersymmetric transformation of the gravitino is given by
δηΨI = DIη +
1
288
FJKLM
(
ΓI
JKLM − 8δJI ΓKLM
)
η , (5)
where η is an 11-dimensional Majorana spinor and DI is the spinor covariant derivative defined by
DI = ∂I +
1
4
ωI
IJΓIJ . (6)
Underlining denotes tangent space indices, while multi-indexed symbols ΓI1...Ip denote anti-symmetrized
products of gamma-matrices, as usual. Our conventions for gamma-matrices are explained in Ap-
pendix A. It can be shown [44, 45] that a solution to the Killing spinor equation δηΨI = 0 which
also satisfies the form-field equation of motion (3) and the Bianchi identity (2) provides a solution
to the Einstein equation (4) as well.
3 Finding supersymmetric G2 domain wall solutions
3.1 General considerations
In the absence of flux, the general M-theory backgrounds which lead to four-dimensional N = 1
supersymmetry consist of a direct product of a G2 manifold and four-dimensional Minkowski space.
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The main goal of this paper is to understand how these backgrounds are modified in the presence
of flux. As is well-known [10], flux leads to a non-vanishing moduli superpotential in the associated
four-dimensional effective theory. The “simplest” solution of this theory is then a domain wall [46]
rather than four-dimensional Minkowski space. We will return to this four-dimensional viewpoint
later. For the 11-dimensional Ansatz in the presence of flux, this observation suggests we should
accordingly modify its four-dimensional Minkowski space part to a domain wall. As we will see,
also the metric on the G2 space requires a correction due to flux.
In practice, we will work with the Killing spinor equations, the equation of motion (3) for F and
its Bianchi identity (2). To simplify the problem, the flux is regarded as an expansion parameter
and we will determine the flux-induced corrections to linear order. The logic of the calculation is
somewhat similar to one in Ref. [30, 31] where flux corrections to Calabi-Yau backgrounds have
been determined. The main result of this section will be a set of first order bosonic differential
equations for these linearized corrections.
3.2 Covariantly constant spinors
As noted above, to obtain supersymmetric solutions we impose that the variation of the gravitino
(5) should vanish. In the zero-flux regime, where we just consider the direct product of Minkowski
space with a G2 manifold, M4 × X7, this amounts simply to imposing that there should be a
covariantly constant spinor, η0, obeying
DIη0 = ∂Iη0 +
1
4
ωI
IJΓIJη0 = 0 . (7)
In Appendix B.3, we explain why G2 manifolds will in general admit such a spinor. When we
introduce flux into the equation (5), however, the condition on the Killing spinor becomes more
complicated. This will lead us to perturb both the metric and spinor in order to preserve super-
symmetry.
3.3 Metric Ansatz
Following the earlier discussion, we shall consider solutions to M-theory with line element corre-
sponding to a warped product of an internal seven-dimensional space and a domain wall in four
dimensions, that is,
ds2 = e2αηµνdx
µdxν + e2βdy2 + gABdx
AdxB . (8)
Here, we use indices µ, ν . . . = 0, 1, 2, and A,B . . . = 4 . . . 10. The three-dimensional part of the
metric corresponds to the domain wall worldvolume X3 spanned by coordinates x
µ and y is a
coordinate transverse to the wall. The seven-dimensional internal space X7 with coordinates x
A
has a metric gAB . Along with the warp factors α and β it generally depends on x
A and y but
not on xµ. Therefore, we have preserved three-dimensional Poincare´ invariance on the domain wall
worldvolume, a general requirement which we will later use to constrain the flux.
As we have explained, we would like to find a solution with metric of the above form expanding
to linear order in the flux. We should, hence, think of the metric (8) as a linear perturbation of a
direct product of Minkowski space with a G2 space with Ricci-flat metric. To this end, we expand
to linear order in the warp factors α and β and write the internal seven-dimensional metric as
gAB = ΩAB + hAB , where Ω is a Ricci-flat metric on a G2 space and h is the perturbation. The
metric (8) then takes the form
ds2 = (1 + 2α)ηµνdx
µdxν + (1 + 2β)dy2 + (ΩAB + hAB)dx
AdxB (9)
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Note that to zeroth order—that is setting α, β and h to zero, and in the absence of flux—this metric
indeed provides a supersymmetric solution to M-theory for the reasons given in Section §3.2. When
we perturb the metric g 7→ g + h, for linear h, we also perturb the spinor covariant derivative [30]
as
DI 7→ DI − 1
8
(∇JhIK −∇KhIJ)ΓJK . (10)
Hence, if we want Eq. (5) to hold in the presence of flux, we should think of the corrections α, β
and h as being “sourced” by flux. Our goal will be to determine their explicit form as a function
of the flux, such that the corrected solution continues to preserve some supersymmetry.
3.4 Conditions on the flux
We will now write down the general form of the flux and the constraints imposed on it by the F
equation of motion and the Bianchi identity.
Given we are asking for Poincare´ invariance on the domain wall worldvolume X3, we are left
with the following non-trivial components of F :
FABCD = GABCD FyABC = JABC
FAµνρ = VAεµνρ Fyµνρ = Kεµνρ .
(11)
Note that G, J , V , K can be viewed as forms of various degree on the internal space X7.
Within the context of our expansion scheme, we consider flux as being first order. At linear
order, we can, therefore, neglect the F ∧ F term in the equation of motion (3) and work with the
zeroth order metric. The F equation of motion and the Bianchi identity then simply state that
dF = d∗F = 0 , (12)
where the Hodge star is with respect to the zeroth order metric. Inserting the various compo-
nent (11) into Eq. (12) we find from the Bianchi identity
dG = dJ −G′ = dV = dK − V ′ = 0 , (13)
and from the equation of motion
d∗G− J ′ = d∗J = d∗V −K ′ = d∗K = 0 . (14)
Here a prime denotes differentiation with respect to y and the operators d, d∗ are now taken with
respect to the internal space X7 with Ricci-flat metric Ω. To summarize, the most general flux is
described by a four-form G, a three-form J , a one-form V and a scalar K on the internal space X7
which are subject to the equations (13) and (14).
3.5 Spinor Ansatz
A somewhat delicate point in computations of the Killing spinor equations is to find the most general
Ansatz for the supersymmetry spinor η. Sometimes, solutions to the Killing spinor equations can
be missed if, for example, a simple product Ansatz for η is used. We will, therefore, spend some
time discussing this Ansatz for the spinor and finding its most general structure. All relevant
conventions for spinors and gamma matrices in the various dimensions involved are collected in
Appendix A.
The first point to note is that η must be Majorana, that is
ηc = η . (15)
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The conjugation is defined in Appendix A. In general any such spinor can be written in terms of
a Dirac spinor ψ like
η = ψ + ψc . (16)
If a pair of projectors P+, P− can be found such that
(P±)
2 = P± (P±ψ)
c = P∓ψ
c P+ + P− = 132 , (17)
then we may further write
η = ψ + ψc
= P+(ψ + ψ
c) + P−(ψ + ψ
c)
= (P+ψ + (P−ψ)
c) + ((P+ψ)
c + P−ψ)
=: ζ + ζc (18)
where ζ = P+ζ. Normally, P± would project onto positive and negative chiralities, but there
is no chirality operator in 11 dimensions so we do not yet have a physical interpretation of the
manipulation above. However, when we decompose the spinor ζ as
ζ = ξ+ ⊗ χ , (19)
where ξ+ and χ are 4- and 7-dimensional spinors respectively, we can define a sensible pair of
projectors by
P± :=
1
2
(1± γ)⊗ 18 . (20)
This amounts to imposing that ξ+ is a positive chirality Weyl spinor, that is, ξ+ = γξ+. Its charge
conjugate ξ− := ξ
c is then a negative chirality spinor satisfying ξ− = −γξ−. It is possible to show
that, for our conventions, we have
γyξ+ = −(ξ−)∗ γyξ− = (ξ+)∗ . (21)
For an arbitrary complex number z we have z∗ = e−2i arg(z)z. Of course, such a result will not in
general hold for a multi-component complex object like ξ+. However, it turns out, after solving the
Killing spinor equations, there is no loss of generality in assuming that ξ+ indeed does satisfy such
a relation. Consequently, we introduce a parameter θ such that
γyξ± = e
±iθξ∓ . (22)
Note that the internal part χ of the spinor remains unconstrained by the projection, and at zeroth
order in the flux will simply be the covariantly constant spinor on the G2 manifold, χ0.
We now consider the perturbation of the spinor to linear order. For the 4-dimensional spinor
we introduce a complex parameter ǫ such that
ξ = (1 + ǫ)ξ+ (23)
is the first order 4-dimensional spinor. Similarly to the argument about θ above, this is not the most
general perturbation of a multi-component complex object, but there will be no loss of generality
later if we take ξ to be of the above form. We now use the results of Appendix B.3, to see that the
most general linear perturbation of the 7-dimensional spinor χ0 is given by
χ = (1− v0)χ0 + vAχA . (24)
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Here v0, v
A are complex variables parameterizing χ. In the full 11-dimensional picture, note that ǫ
and v0 are not really independent degrees of freedom since we can absorb ǫ into a new parameter
vǫ := ǫ− v0. We note here that this parameter encodes information about the variation of θ, since
basic manipulation of the first order spinor gives
∂θ = 2Im(∂vǫ) . (25)
Because our conventions for the Dirac matrices allow us to express 11-dimensional charge conjuga-
tion as
ζc = ξc ⊗ χc , (26)
our final Ansatz for η is then
η = ξ+ ⊗
(
(1 + vǫ)χ0 + v
AχA
)
+ ξ− ⊗
(
(1 + v∗ǫ )χ
c
0 + (v
A)∗χcA
)
. (27)
3.6 Bosonic equations
Using the results above, together with the conventions of Appendix A for the Dirac matrices and
of Appendix B for the action of these matrices on the G2 spinor, Eq. (5) leads to a set of bosonic
first-order equations. They constitute our main formal result and are given by
J · ϕ = 12K cos θ + 1
4
G · Φ sin θ (28)
12VA cos θ = GABCDϕ
BCD + JBCDΦABCD sin θ (29)
∂yα =
1
144
G · Φcos θ − 1
3
K sin θ (30)
∇Aα = −1
36
JBCDΦABCD cos θ − 1
3
VA sin θ (31)
∂yvǫ =
1
288
(
e−iθG · Φ− 8iJ · ϕ− 48ie−iθK
)
(32)
∇Aβ = 2∂y (Re(vA) sin θ + Im(vA) cos θ)
+
1
18
JBCDΦABCD cos θ +
1
6
VA sin θ (33)
∂y
(
Re(vA) cos θ
+Im(vA) sin θ
)
=
−1
72
(
GABCDϕ
BCD − 2JBCDΦABCD sin θ + 6VA cos θ
)
(34)
∇Avǫ = −1
72
(
2iGABCDϕ
BCD + e−iθJBCDΦABCD + 12ie
−iθVA
)
(35)
4∇AvB + ie−iθ∂yhAB
−∇ChADϕCDB
=
1
72

8iGACDEΦ
CDE
B +
i
5G
CDEF (4ΦACDEΩFB
+ΦCDEFΩAB + 12ϕACDϕEFB + 8ϕCDEϕFAB)
−24e−iθJACDϕCDB − 4e−iθJCDE(3ϕACDΩEB−
ϕCDEΩAB)− 24ie−iθV CϕABC + 24KΩAB
 . (36)
Here ϕ is the G2 3-form on the internal space, as defined in Appendix B.1 and Φ = ∗ϕ is its 4-form
dual.
These equations link the parameters (α, β, h), associated with the metric, to the various flux
components (G, J, V,K) and the quantities (vǫ, v
A, θ) which parameterize the Killing spinor. We
note that the y-derivative of β is unconstrained by these equations, which is as we would expect
from a residual gauge degree of freedom after the choice of Ansatz. A solution to these first-order
partial differential equations preserves two real supercharges (N = 1/2 from a four-dimensional
point of view) and represents a warped product of a deformed G2 space and a domain wall in
four-dimensional space-time.
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3.7 Ricci flatness
It is a general result [44, 45] that the integrability of the Killing spinor equation together with the
field equations implies that the Einstein equations hold. To linear order in flux, this implies that
our solutions should be Ricci-flat. Let us confirm this by explicitly computing the components of
the Ricci tensor. Using the Ansatz (8) we find
Rµν = (∂
2
yα+∇2Aα)ηµν
=
(−1
144
(dJ −G′) · Φcos θ − 13(K ′ − d∗V ) sin θ
)
ηµν (37)
Ryy = 3∂
2
yα+∇2Aβ +
1
2
∂2yh
A
A
=
1
72
(dJ −G′) · Φcos θ + 1
6
(K ′ − d∗V ) sin θ (38)
RAB = ∇A∇B(3α + β) + 1
2
∂2yhAB +∇A∇[B hCC ] +∇C∇[C hB ]A −
1
2
hCDR
D
ABC
=
−1
72
(dJ −G′) · ΦΩAB cos θ + 1
3
(K ′ − d∗V )ΩAB sin θ
+
1
6
(dJ −G′) CDE(A ΦB)CDE (39)
RAy = ∂y(3∇Aα+∇[AhBB ])
= − 1
72
(dG)BCDEFϕ
BC
A ϕ
DEF − 1
12
(dV )BCϕ
BC
A . (40)
With the first-order relations (28)–(36), together with the conditions on the flux (14) and (13), we
find that these components of the Ricci tensor indeed vanish.
4 Explicit 11-dimensional solution
We now turn to the problem of integrating the bosonic equations (28)–(36). Since we are dealing
with the case of a general G2 manifold, this solution will take the form of a sum over basis sets of
forms on the manifold. Although we have written the bosonic equations above in the ‘raw’ form in
which they are obtained, there is a certain amount of hidden gauge symmetry that we would like
to fix in our solution before we write down such an expansion. In this section, we also consider the
zero-mode regime and its relation to compactification.
4.1 Simplifying the spinor Ansatz
Before we write down a solution to the 11-dimensional equations, we reconsider the spinor ansatz.
Our 7-dimensional spinor should be invariant under SO(7) transformations of the tangent space.
Using the results of Appendix B.3 we can write such transformations as:
χ 7→ eθABΣABχ = eνAfA+µABρABχ (41)
where ΣAB are taken in the spinor representation of SO(7) and decompose into fA, ρAB under G2
and θAB, νA and µAB are real parameters. To first order, this transformation reads
χ 7→ (1− v0)χ0 + vAχA + νAχA (42)
and means that we can ‘gauge away’ Re(vA). The effects of a general coordinate transformation
on χ are similar but will in general yield weaker conditions on vA.
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A further point to note is that, since we have a Killing spinor, we are able to form bilinears in
this spinor that will be globally defined. In particular, the global vector W I = η¯ΓIη, formed in this
way should itself be Killing [44]. At linear order, the transverse components of this vector are
W y = cos θ + 2(Im(vǫ) sin θ − Re(vǫ) cos θ) , WA = 4 Im(vA) . (43)
Since this vector must be Killing, we can then impose
∇(AvB) = 0 , ∂yIm(vA) =
1
2
∇A(Re(vǫ) cos θ − Im(vǫ) sin θ) . (44)
These relations allow us to eliminate vA from the Killing spinor equation for β which then takes
the form
∇Aβ = 1
36
GABCDϕ
BCD sin θ cos θ +
3
72
JBCDΦABCD cos θ +
1
6
VA sin θ . (45)
4.2 Simplifying the relations for metric perturbations
We also make a gauge choice for hAB , by putting it in the standard ‘harmonic gauge’ so that
∇BhBA =
1
2
∇Atr(h) . (46)
Our result (28)–(36) can be simplified considerably by splitting into real and imaginary parts,
projecting out the irreducible G2 representations associated with the two free indices, using the
simplifications of the spinor ansatz as above and making the harmonic gauge choice for h. We are
then able to derive the following set of physically equivalent first order relations
J · ϕ = 21K cos θ + 5
8
G · Φ sin θ (47)
∂ytr(h) = − 5
72
G · Φcos θ + 7
3
K sin θ (48)
∇Atr(h) = 4VA sin θ − 1
3
JBCDΦABCD (49)
∂y(P27h)AB −∇C(P27h)D(AϕCDB) sin θ = −
1
6
(P27G)
CDE
(A ΦB)CDE cos θ (50)
∇C(P27h)D(AϕCDB) cos θ = −
1
6
(P27G)
CDE
(A ΦB)CDE sin θ
+
1
2
(P27J)
CD
(A ϕB)CD , (51)
where the projector P27 projects out the 27 representation in the G2 decomposition of the various
tensors, as explained in Appendix B.2.
4.3 Zero-mode regime
The field equations (13) and (14) imply that
∆7G = G
′′ ∆7J = J
′′
∆7V = V
′′ ∆7K = K
′′ (52)
where ∆7 is the 7-dimensional Laplacian with respect to the zeroth order metric Ω. We call solutions
for which both sides of these equations are zero the ‘zero modes’ and those for which both are equal
to a non-zero constant the ‘massive modes’.
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The physical reasoning behind this is that operators like ∆7 will be associated with the inverse
of the radius of compactification of X7. When this is reduced down to small scales, this makes
∆7 produce extremely large constant non-zero eigenvalues, which are effective masses in the 4-
dimensional theory. Since these masses will typically be at the Planck scale, they can be ignored
in constructing the 4-dimensional effective theory, and so the zero-mode regime is of particular
interest to us.
We firstly note that on G2 manifolds there are no harmonic 1-forms, and so the following terms
in the flux vanish in the zero-mode regime:
GABCDϕ
BCD = JBCDΦABCD = VA = 0 . (53)
This also constrains the spinor so that vA = 0, since otherwise the equation (36) would make vA
a harmonic 1-form. Such constraints on 7-dimensional vectors mean that in the zero-mode regime,
using the first-order bosonic equations (28)–(36) we have
∇Aα = ∇Aβ = 0 . (54)
A similar argument to that for the flux can be made for the graviton hAB , which from (39),
(46) and (54) obeys
7h = −∂2yh . (55)
where
(7h)AB := ∇C∇ChAB + 2RC(AB)DhDC . (56)
In this case, we also argue that 7 will be associated with a Planck-scale effective mass upon
compactification and so can be ignored.
The arguments above allow us to write a ‘zero-mode’ version of the first-order 11-dimensional
bosonic equations (28)–(36)
∂yα =
1
144
G · Φcos θ − 1
3
K sin θ (57)
∂ytr(h) = − 5
72
G · Φcos θ + 7
3
K sin θ (58)
∂y(P27h)AB = −1
6
(P27G)
CDE
(A ΦB)CDE cos θ (59)
∂yθ = − 1
48
G · Φ sin θ −K cos θ (60)
P27J = −P27 ∗G . (61)
We shall use these equations later to compare with the bosonic equations that we derive from the
4-dimensional Killing spinor equations.
4.4 Fourier expansion of the flux
We shall now expand each component of the flux as a sum over forms on the G2 manifold X7. At
the zero-mode level, this expansion involves the harmonic forms and is given by
G0 =
∑
iGiψ
i , V0 = 0
J0 =
∑
i Ji ∗ ψi , K0 = const.
(62)
Here Gi, Ji and K0 are constants, and we have introduced a set of harmonic 4-forms on X7,
{ψi}b3(X7)i=1 where b3(X7) is the 3rd Betti number of X7. Notationally, we will sometimes adopt
implicit summation over i, j type indices but leave them in for clarity at present.
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In the massive regime, the expansion is slightly more complicated, since we must introduce a
further set of massive 4-forms on X7, {Ψn} satisfying
∆7Ψ
n = (mn)
2Ψn . (63)
We can then use the Hodge star to construct a set of 3-forms, {∗Ψn}, with
∆7 ∗Ψn = (mn)2 ∗Ψn . (64)
Then the massive modes of G, J can be expanded in terms of these forms, leading to
Gmassive =
∑
nGn(y)Ψ
n Jmassive =
∑
n Jn(y) ∗Ψn , (65)
with y-dependent expansion coefficients Gn and Jn. The equations of motion for the flux then
imply
G′′n = (mn)
2Gn ⇒ Gn(y) = G+n emny +G−n e−mny
J ′′n = (mn)
2Jn ⇒ Jn(y) = J+n emny + J−n e−mny ,
(66)
for constant G+n , G
−
n , J
+
n , J
−
n . The massive expansion of K and V can be done in a similar way. We
can write both in terms of a set of functions {fp} obeying ∆7fp = (Mp)2fp so that
Vmassive =
∑
p
1
Mp
(
V +p e
Mpy + V −p e
−Mpy
)
dfp
Kmassive =
∑
p
(
K+p e
Mpy +K−p e
−Mpy
)
fp (67)
for constants V +p , V
−
p , K
+
p and K
−
p . We have introduced a factor ofMp in the first of these relations
to compensate for the mass associated with the exterior derivative d. To see why this is the correct
expansion for our solution consider the linear equation for ∇Aα, (31),
∇Aα = −1
36
JBCDΦABCD cos θ − 1
3
VA sin θ =
(dα)A =
−1
36
∑
n
(J+n e
mny + J−n e
−mny)(∗Ψn)BCDΦABCD cos θ
−1
3
∑
p
(
V +p e
Mpy + V −p e
−Mpy
)
(dfp)A sin θ (68)
which, from the nilpotency of d implies that the right hand side of this equation is a closed 1-form
and thus can be written uniquely as the sum of an exact 0-form and a harmonic 1-form. As there
are no harmonic 1-forms on X7 due to G2 holonomy, each term on the right hand side must be
exact. This justifies our expansion of V in terms of the {dfp}, and also allows us to define a further
set of functions by
(dΨn(0))A := mn(∗Ψn)BCDΦABCD . (69)
4.5 Integration of the bosonic equations
After expanding as above, the direct integration of the bosonic equations (28)–(36) is relatively
straightforward, particularly as we can take θ as a constant to linear order. Performing this inte-
gration then leads the following complete solution for the metric components
α(y, xA) =
(
−1
3
K0y − 1
3
∑
p
1
mp
(
(K+p + V
+
p )e
mpy − (K−p − V −p )e−mpy
)
fp
)
sin θ =
10
+
1
144
(∑
i
Giψ
iy +
∑
n
1
mn
(G+n e
mny −G−n e−mny)Ψn
)
· Φcos θ
− 1
36
∑
n
1
mn
(
J+n e
mny + J−n e
−mny
)
Ψn(0) cos θ + α0 (70)
β(y, xA) =
1
36
(∑
i
Giψ
iy +
∑
n
1
mn
(G+n e
mny −G−n e−mny)Ψn
)
ABCDϕ
BCD sin θ cos θ
+
1
6
∑
p
1
mp
(
V +p e
mpy + V −p e
−mpy
)
fp sin θ
+
3
72
∑
n
1
mn
(J+n e
mny + J−n e
−mny)Ψn(0) cos θ + β0 (71)
tr(h)(y, xA) =
(
7
3
K0y +
∑
p
1
mp
((
7
3
K+p + 4V
+
p
)
empy −
(
7
3
K−p − 4V −p
)
e−mpy
)
fp
)
sin θ
− 5
72
(∑
i
Giψ
iy +
∑
n
1
mn
(G+n e
mny −G−n e−mny)Ψn
)
· Φcos θ
−1
3
∑
n
1
mn
(J+n e
mny + J−n e
−mny)Ψn(0) cos θ + h0 . (72)
Here, α0, β0, h0 are constants of integration and we have gauged away the y-dependence of β. Note
that the first term, proportional to y on each right-hand side represents the zero-mode contributions
while all other terms correspond to heavy modes. The above expressions make it clear that the
massive modes are proportional to the inverse effective mass, and so upon compactification we
expect them to be negligible. This means, we should consider only the zero mode regime when we
come to the 4-dimensional effective theory later.
For the traceless part of the metric, the integration is slightly less straightforward, but proceeds
along similar lines so that at zero mode
(P27hzero−mode)AB = −1
6
∑
i
Giy cos θ(P27ψ
i) CDE(A ΦB)CDE . (73)
The massive modes can be obtained by solving the equations
∂y(P27hmassive)AB −∇C(P27hmassive)D(AϕCDB) sin θ =
−1
6
∑
n
(
G+n e
mny +G−n e
−mny
)
(P27Ψ
n) CDE(A ΦB)CDE cos θ
∇C(P27hmassive)D(AϕCDB) cos θ =
−1
6
∑
n
(
(G+n sin θ + J
+
n )e
mny + (G−n sin θ + J
−
n )e
−mny
)
(P27Ψ
n) CDE(A ΦB)CDE , (74)
which can be done explicitly.
4.6 Curvature singularities
Analogously to the calculation in Ref. [30], we now look for the curvature singularities that corre-
spond to vanishing volume of the compact space. This quantity is given by
V := Vol(X7) =
∫
X7
√
g7 d
7x . (75)
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We can then differentiate this to linear order using the relation (58) so that
∂yV =
∫
X7
1
2
ΩAB∂yhAB
√
Ωd7x
=
∫
X7
(
− 5
144
G · Φcos θ + 7
6
K sin θ
)√
Ωd7x
=
∫
X7
(
−5
6
ϕ ∧G cos θ + 7
6
∗K sin θ
)
. (76)
We can then use the equations of motion for the flux (13) and (14) to show that
∂2yV =
∫
X7
d
(
−5
6
(ϕ ∧ J) cos θ + 7
6
(∗V ) sin θ
)
= 0 , (77)
since X7 has no boundary. The volume must thus depend linearly on the coordinate y, and so it
must be zero for some value of y, which will correspond to a curvature singularity of the internal
space. Of course, as the volume of the compact space becomes small, we are no longer entitled
to use simply 11-dimensional supergravity as our theory. We might also reasonably expect that
although the linear terms in flux in (77) vanish, the higher-order contributions may not.
5 Inclusion of brane sources
In general, we expect (p+1)-form fields to be sourced by an extended charged p-brane. In M-theory,
there are two sensible choices for p, given that the only form field present is the three-form field A.
These are the ‘fundamental’ membrane (M2-brane) and the ‘magnetic’ five-brane (M5-brane).
We shall consider each of these in turn, as both may well support the kind of domain wall
solution that we are considering. In the case of the M2-brane, this could happen by simply sitting
in the external space, whereas the M5-brane would have to wrap a three-cycle in the compact space
in an appropriate way.
Our approach shall be to solve the brane equations of motion for each system, and then try to
match these solutions to appropriate specializations of the bulk solution that we have so far been
considering. In doing this, we will find that the inclusion of a brane source fixes the value of θ in
such a way that our bulk solution can either support the M2-brane or the M5-brane but not both.
We further find that in each case the brane splits the y-direction into two regions, each with
different values of the flux and with a ‘jump’ in certain components of the flux across the brane
proportional to the brane tension.
5.1 General brane action in M-theory
In this section, we will quote some general results about classical membranes in 11-dimensional
supergravity, following Ref. [47]. The easiest to consider is the fundamental membrane, which
couples to the 3-form field A by the action
S2 = T2
∫
W3
d3X
(
− 1
2
√−γγij∂iXI∂jXJgIJ − 1
2
√−γ − 1
4!
εijk∂iX
I∂jX
J∂kX
KAIJK
)
, (78)
where XI are the brane coordinates, i, j, . . . = 0, . . . , 2 are brane worldvolume indices and W3 is
the worldvolume of the brane parameterized by the coordinates X i. This membrane couples to our
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bulk SUGRA action S11 in Eq. (1) to produce the total action
STotal = S11 +
∫
d11xS2δ(X − x) . (79)
This modifies the previous equations of motion to give
dF = 0 (80)
d∗F = −2J2 (81)
RIJ =
1
12
(
FIKLMF
KLM
J −
1
12
gIJF · F
)
+
√−g
(
TIJ − 1
9
gIJT
)
. (82)
The current and stress-energy associated with the brane are
J IJK2 = T2
∫
d3X εijk∂iXI∂jXJ . . . ∂kXK δ
11(x−X)√−g (83)
T IJ = −T2
∫
d3X√−γγij∂iXI∂jXJ δ
11(x−X)√−g , (84)
and the membrane worldvolume equations of motion are
∂i
(√−γγij∂jXJgIJ) = 1
2
√−γγij∂iXJ∂jXK∂IgJK + 1
4!
εijk∂iX
J∂jX
K∂kX
LFIJKL (85)
γij = ∂iX
I∂jX
JgIJ . (86)
The coupling of the five-brane to the bulk action is slightly more subtle, and to be done properly
requires the approach of [48]. As we are only interested in the effect of the five-brane on the
equations of motion rather than the duality-symmetric formulation of the low-energy M-theory
action, we merely state here the five-brane equations of motion when we set the worldvolume two-
form to zero. Analogously to the magnetic monopole in electrodynamics, the five-brane sources to
the dual of the flux, ∗F , in the same way that the membrane couples to F . We then have bulk
equations of motion
d∗F = 0 (87)
dF = 2 ∗ J5 (88)
RIJ =
1
12
(
FIKLMF
KLM
J −
1
12
gIJF · F
)
+
√−g
(
TIJ − 1
9
gIJT
)
. (89)
In this case the current and stress-energy are
J I1...I65 = T5
∫
d6X εi1...i6∂i1XI6 . . . ∂i6XI6
δ11(x−X)√−g (90)
T IJ = −T5
∫
d6X√−γγij∂iXI∂jXJ δ
11(x−X)√−g , (91)
with worldvolume equations
∂i
(√−γγij∂jXJgIJ) = 1
2
√−γγij∂iXJ∂jXK∂IgJK + 1
7!
εi1...i6∂i1X
I6 . . . ∂i6X
I6(∗F )I1...I6(92)
γij = ∂iX
I∂jX
JgIJ . (93)
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We shall now go on to apply these results for the M2-brane and M5-brane in the context of our
existing bulk solution, noting that from the brane equations the flux is naturally of the order of
the brane tension, which we must bear in mind when we truncate our results to linear order.
We will then go on to solve the membrane equations of motion at linear order, but only consid-
ering the zero-mode part, which will involve ‘smoothing over’ the 7-dimensional part of the delta
functions in the action, essentially for reasons of simplicity. There is no clear reason why a fuller
treatment of the massive modes should not yield fundamentally the same conclusions as below.
5.2 Fundamental membrane
It is natural to consider the membrane as supporting a domain wall solution by placing it in the
external space with its transverse coordinate along the special direction, previously called y, of the
solution. We implement this with the following ‘static gauge’ choice for the membrane coordinates
Xµ = ξµ , Xy = const. , XA = const. (94)
If we then consider the linearized 11-dimensional equations of motion, taking only the zero mode
of the internal space part, we find the following modifications
∂2yα =
−2
3
T2δ(y) (95)
∂2ytr(h) =
14
3
T2δ(y) (96)
K ′ = 2T2δ(y) . (97)
The membrane worldvolume equations are
∂yα = −13K ∇Aα = −13VA , (98)
and imposing worldvolume supersymmetry (κ-symmetry) gives the following condition:
P˜−η = 0 (99)
where P˜± :=
1
2(1 ± iγyγ) ⊗ 1 can be interpreted as projecting out different components of 8-D
chirality. This condition turns out to be equivalent to taking sin θ = 1 in the Killing Spinor ansatz.
The physical interpretation of this solution is shown in Figure 1. Having smoothed over the
compact space, we can consider the remaining 4-dimensional space to be split into two regions by
the membrane, each containing different (constant) values for the flux.
Suppose we write the flux in Region I as KI and in Region II as KII, then we can integrate the
equations (95)-(97) by writing
K(y) = 2T2(KII −KI)Θ(y) +KI (100)
∂yα = −13K ∂ytr(h) = 73K (101)
where Θ is the step function defined by
Θ(x) :=

0 for x < 0
1
2 for x = 0
1 for x > 0 .
(102)
This solution is consistent with taking the sin θ = 1 specialization of the zero-mode bosonic equa-
tions (28)–(36) above in each of the bulk regions. The ‘jump’ in flux from one region to another
is proportional to the membrane tension. It is worth noting that membranes could be stacked to
make this jump proportional to the number of membranes times the tension.
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Figure 1: Physical Interpretation of the Membrane Solution
5.3 Magnetic five-brane
The situation for the M5-brane is slightly more complicated than for the M2-brane, given that
it has three more worldvolume dimensions than the domain wall. For this reason, three of the
worldvolume dimensions should be wrapped on some three-cycle Σ3 with in the G2 space X7. For
the solution that arises from this configuration to be supersymmetric, this cycle must be calibrated
by the G2 three-form ϕ, which means that
Vol(Σ3) =
∫
Σ3
ϕ . (103)
The appropriate choice for the brane coordinates is then
Xµ = ξµ , Xy = const. , Xa = σa , XA˜ = const. , (104)
where we let σa be the coordinates of Σ3 and use the indices A˜ to denote directions perpendicular
to Σ3. Considering the equations of motion for this system in the zero mode regime then gives
∂2yα =
−1
3
T5δ(y) (105)
∂2ytr(h) =
10
3
T5δ(y) (106)
G′ =
2
7
T5δ(y)Φ , (107)
with worldvolume equations
6∂yα+
3
7
∂ytr(h) =
−1
84
G · Φ (108)
Imposing κ-symmetry gives the following condition:
P y−η = 0 (109)
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where P y± :=
1
2 (1± γy)⊗ 1 can be interpreted as projecting out different components of y-chirality.
This condition turns out to be equivalent to taking cos θ = 1 in the Killing Spinor ansatz.
Our 4-dimensional picture then looks very similar to that of the membrane, with two separated
regions containing different values for the flux, such that
G(y) = 2T5(GII −GI)Θ(y) +GI . (110)
Note that only the singlet part of G is shifted by the brane since, from Eq. (107), the difference
GII − GI is proportional to the G2 invariant four-form Φ. As a result, we need not consider the
traceless part of h and can thus simply integrate (105) and (106) to give
∂yα =
−1
144
G · Φ , ∂ytr(h) = 5
72
G · Φ . (111)
Similarly to the M2-brane case, this is consistent with the cos θ = 1 specialization of the bosonic
equations (28)–(36). We also have the partition of the external space into two separate regions each
with different constant values for the flux, with the jump in flux between these regions proportional
to the brane tension. In contrast to the M2-brane, however, the relevant component of flux is the
singlet of G rather than the K. It will also be possible to stack branes so that the jump in flux is
proportional to the number of stacked branes.
Note that although both the membrane and five-brane very naturally couple to our bulk solution,
at the order we are considering, the existence of supersymmetric configurations with two real
supercharges containing both types of brane is ruled out.
6 Four-dimensional effective theory
When 11-dimensional SUGRA is compactified on a G2 manifold, the effective field theory is given
by 4-dimensional N = 1 SUGRA. In this section, we outline the action for this theory, together with
how the quantities in that action are related to the 11-dimensional quantities. We then present
the conditions for an N=1 supersymmetric domain wall solution in 4 dimensions, and integrate
these equations. Finally, we uplift the 4-dimensional equations to 11 dimensions, and check that
the result indeed matches our earlier one, obtained directly from the 11-dimensional theory.
6.1 For-dimensional N = 1 supergravity
The relevant bosonic terms in 4-dimensional N = 1 supergravity action are
S4 = −1
2
∫ (√−gR+ 2Ki¯∂mT i∂mT  + 2U) (112)
where m = 0 . . . 3. As we have done with its 11-dimensional counterpart, we have set the four-
dimensional Newton constant κ4 to one. The fields T
i are scalar components of chiral superfields,
and Ki¯ is the Kahler metric, given by
Ki¯ = ∂
2K
∂T i∂T 
(113)
in terms of the Kahler potential K. Field indices i, j, . . . are lowered and raised by Ki¯ and its
inverse Ki¯. The potential U is given in terms of the superpotential W by
U = eK
(Ki¯DiWD¯W − 3|W |2) (114)
where the Kahler covariant derivative Di is defined by
Di :=
∂
∂T i
+Ki . (115)
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6.2 4-dimensional SUGRA from M-Theory on a G2 space
The relationship between the theory above and 11-dimensional SUGRA on a compact G2 manifold
is covered in Refs. [2] and [10]. Throughout this section we use just the zero-mode part of form
field strength G which is written in terms of a set of harmonic 4-forms {ψi} as
G = Giψ
i (116)
where we now use implicit summation rather than the explicit notation of Section 4. Our first
step is to expand both the 3-form field A and the G2 3-form ϕ in terms of a dual set of harmonic
three-forms {πi}b3(X7)i=1 obeying ∫
X7
πi ∧ ψj = δji (117)
so that
ϕ = ϕiπi (118)
A = Aiπi +Giτ
i (119)
where dτ i = ψi, so that F = dA still holds. Detailed consideration of the compactification of
the 11-dimensional theory shows that the ϕi are the metric moduli of the G2 manifold, X7, and
the moduli Ai appear as axions in the 4-dimensional theory. This means that we can write the
superfields as
T i = ϕi + iAi . (120)
In our conventions, the superpotential is then
W =
73/2
4
∫
X7
(
ϕ+
i
2
A
)
∧G (121)
=
73/2
4
GiT
i . (122)
We shall now consider the idea from Refs. [7, 10] that each term in (121) is ‘sourced’ by the wrapped
M5-brane and M2-brane respectively. From (3)—the equation of motion for the flux—it can be
shown that ∫
X7
(
∗K + 1
2
A ∧G
)
= 0⇒ GiAi = −V K , (123)
where V is the volume of the compact space as defined in (75). Also, as G is harmonic, the projector
of its singlet must be constant over X7 and so
G · Φ = 1
V
∫
X7
√−gG · Φ⇒ Giϕi = 1
24
V G · Φ . (124)
We can thus substitute (123) and (124) into (122) to rewrite the superpotential as
W =
73/2V
4
(
1
24
G · Φ− iK
)
. (125)
Clearly, this expression contains a term proportional to the singlet of G as well as one proportional
to K. As we saw in section 5, the wrapped M5-brane acts as a source for the singlet of G and
the M2-brane acts as a source for K. Therefore, we can interpret the moduli superpotential for
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the 4-dimensional effective theory associated with M-theory on G2 manifolds as being sourced by
contributions from the wrapped M5-brane and the M2-brane.
The Kahler potential for this theory and its derivatives with respect to the superfields is given
by
K = −3 ln (7V ) (126)
⇒ Ki = ∂K
∂T i
=
−1
2V
∫
X7
πi ∧ Φ = −2ϕi (127)
⇒ Ki¯ = 1
4V
∫
X7
πi ∧ ∗πj . (128)
Using these expressions, we can write G in terms of the dual set of 4-forms like
G =
1
4V
Gi ∗ πi . (129)
This is all the input from 11 dimensions that we need to write down and solve the appropriate
4-dimensional Killing spinor equations. We will return to the links between 4 and 11 dimensions
later.
6.3 4-dimensional Killing spinor equations
We shall now set up the conditions for supersymmetric domain wall solutions in the 4-dimensional
supergravities derived from our 11-dimensional theory as above. We start with a warped metric
ansatz
ds24 = e
a(z)ηµνdx
µdxν + dz2 (130)
and z-dependent scalar fields T i = T i(z). For such a field configuration the first order relations 1
derived from the Killing spinor equations are given by [46]
∂za = e
−iθe
1
2
KW (131)
∂zT
i = −eiθe 12KKi¯ D¯W (132)
∂zθ = −Im
[
(∂zT
i)Ki
]
. (133)
Here, θ parameterizes the 4-dimensional Killing spinor in a similar way to the quantity θ we have
used to parameterize the earlier 11-dimensional spinor. When we consider the links between 4 and
11 dimensions later, we will find that they are in fact the same at zero mode level in 11 dimensions.
Solutions to these equations are BPS states which preserve half of the maximum number of
supercharges possible in the N = 1, D = 4 theory, and automatically satisfy its equations of
motion. Using the expressions for T i, W and K from 11 dimensions above allows us to write the
first-order relations as
∂za =
V −3/2
4
(
Giϕ
i cos θ +GiA
i sin θ
)
(134)
GiA
i cos θ = Giϕ
i sin θ (135)
∂zϕ
i =
V −3/2
4
(
(2Gjϕ
jϕi −Gi) cos θ + 2GjAjϕi sin θ
)
(136)
1There is one further equation that constrains the 4-dimensional Killing spinor but it does not really impact on
our calculation.
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∂zA
i =
V −3/2
4
(
(2Gjϕ
jϕi −Gi) sin θ − 2GjAjϕi cos θ
)
(137)
∂zθ = −V
−3/2
2
Giϕ
i sin θ . (138)
It is also worth noting that the relation
∂zV =
V −1/2
6
(
5Giϕ
i cos θ + 7GiA
i sin θ
)
. (139)
can be derived from Eqs. (134)–(138). This will be important later when we find explicit solutions.
We now consider how to integrate these 4-dimensional equations in purely 4-dimensional lan-
guage, before uplifting them to compare with the 11-dimensional equations.
6.4 Integrating the 4-dimensional equations
We now present the most general solution to equations (131)–(133), which are the conditions for
a supersymmetric domain wall to 4-dimensional SUGRA, given that the SUGRA descends from
M-theory on a G2 manifold. The solution can be written, in terms of new moduli fields f
i, as
a =
1
2
ln | cot θ|+ C (140)
ϕi = tan(θ)fi (141)
Ai =
−1
4Vf cot−7/3 θ
Giu+ bi , (142)
where the new transverse coordinate u is related to z by
∂u = (V
1/2
f cot
1/2 θ cosec θ)∂z . (143)
Here, C and bi are constants of integration. Recall, that once the Kahler potential is explicitly
given, the volume V is known, via Eq. (126), as a function of the moduli ϕi. By Vf we mean
this function but with the fields ϕi replaced by f i. Since the volume is a homogeneous function of
degree 7/3 in its arguments this means V and Vf are related by
Vf = V cot
7/3 θ . (144)
The angle θ is fixed by
cos θ cot6 θ =
(
Vf
V0
)3/2
, (145)
where V0 is another constant of integration. Finally, the new field fi are linear functions
fi =
1
4
Giw + ki , (146)
in the transverse coordinate w defined by
∂w = (V
3/2
f tan
9/2 θ sec θ)∂z , (147)
and ki are further constants of integration. This completes the most general domain wall solution
to 4-dimensional N = 1 supergravity theories from M-theory flux compactifications on G2 spaces.
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Note that the above solutions display some apparent singularities in the cases sin θ = 1 or
cos θ = 1 which we have previously encountered when matching to membrane and five-brane sources.
However, these singularities are not real but can be removed by introducing a new quantity n defined
by either one of the two equivalent relations
n =
3ln| cot θ|
7ln| cos θ| − 5ln| sin θ| ,
(
V
V0
)n
= |cot θ| . (148)
In the above solution, we can in general eliminate θ in favour of n.
In this new form one can explicitly consider the cases sin θ = 1 and cos θ = 1 without encoun-
tering any singularities. They lead to the particularly simple solutions
cos θ = 1 sin θ = 1
∂w = V
9/10∂z ∂u = V
1/2∂z
fi = V
3/5ϕi =
1
4vGiw + ki fi = V
3/7ϕi = const.
Ai = const. Ai = − 14V Giu+ bi
a = a0 + lnV
3/10 a = a0 + lnV
3/14
(149)
The results in this section represent the most general supersymmetric domain wall solution to 4-
dimensional supergravities that arise from compactification of M-theory on G2 manifolds with flux.
In particular, the solution with cos θ = 1 in the above table is the appropriate one to match to
a wrapped 5-brane source while the solution for sin θ = 1 can be matched to a membrane source.
We note the linear dependence of the moduli fields on the natural transverse coordinate w or u,
which will have the effect of causing fields to diverge at large distances. In particular, the solutions
do not approach four-dimensional Minkowski space asymptotically. This behaviour is typical for
supergravity domain walls supported by potentials without a minimum at any finite field value [49].
We will discuss curvature singularities in section 6.6 below.
6.5 Comparison with 11 dimensions
As a check of our results, we shall now test for compatibility between the 4- and 11-dimensional
relations derived from the Killing spinor equations. Our strategy will be to link the 4- and 11-
dimensional quantities and then uplift the 4-dimensional equations to 11 dimensions, and see if
they agree.
We firstly relate the quantities. By comparing the 4-dimensional and 11-dimensional line ele-
ments ds24 and ds
2
11 we see that
∂y = ±
√
V ∂z (150)
α = a− 1
2
ln(V ) . (151)
Using the result (217) of Appendix B.4 it is clear that to first order
∂yhAB =
1
2
(P27∂yϕ)
CD
(A ϕB)CD +
1
63
(∂yϕ) · ϕΩAB . (152)
Making use of relations (124) and (123), we simply substitute these results into the 4-dimensional
bosonic equations for appropriate sign choice in (150) and get the following
∂yα =
1
144
G · Φcos θ − 1
3
K sin θ (153)
20
∂ytr(h) = − 5
72
G · Φcos θ + 7
3
K sin θ (154)
∂y(P27h)AB = −1
6
(P27G)
CDE
(A ΦB)CDE cos θ (155)
∂yθ = − 1
48
G · Φ sin θ −K cos θ (156)
G · Φ = 24K cos θ (157)
J · ϕ = 21K cos θ + 5
8
G · Φ sin θ (158)
Although the equations linking components of the flux are superficially different from the 11-
dimensional ones, they are easily shown to be equivalent.
We note here that while the 4-dimensional equations did not involve linearization in the flux
while the 11-dimensional ones did. Nevertheless, it turns out by comparing Eqs. (153)–(158) with
Eqs. (57)–(61) that the two sets of equations are equivalent at the zero mode level.
6.6 Curvature singularities
Another feature of the 4-dimensional equations that we should compare with 11-dimensions is
the variation of the volume as a function of the transverse coordinate. A zero of this volume
at any particular point in the transverse space implies, of course, a curvature singularity of the
internal space. However, it can be shown that such a vanishing internal volume also leads to a
four-dimensional curvature singularity.
The z-variation of the volume is described by Eq. (139) which uplifts to give the following
∂yV =
[
− 5
144
G · Φcos θ + 7
6
K sin θ
]
V . (159)
This is the generalization to all orders in flux of the 11-dimensional result (76) in the zero-mode
regime. When we consider the second derivative of Eq. (159), using our 4-dimensional equations,
we get
∂2yV =
−1
12V
[
(Giϕ
i)2(2 sin2 θ − 5) + 1
2
GiG
i(2 sin2 θ + 5)
]
, (160)
which is quadratic in the flux. Writing this in 11-dimensional language gives
∂2yV =
−1
12V
(2 sin2 θ − 5)
[∫
X7
ϕ ∧G
]2
− 1
6
(2 sin2 θ + 5)
∫
X7
∗G ∧G . (161)
This vanishes at linear order in flux which is consistent with our earlier findings in Eq. (77). These
implied a linear behaviour of the volume and, therefore, its vanishing at some finite coordinate y.
However, the above result, good to all orders in flux, shows that, in fact, the volume varies in a more
complicated way. In particular, the vanishing of the volume at some finite y cannot be deduced
generically at this stage. To decide whether or not the volume vanishes one may study specific
examples of G2 manifolds where V is given as an explicit function of the fields, as in Ref. [19].
7 Conclusions
In this paper, we have studied M-theory compactifications on G2 spaces in the presence of flux,
both from the viewpoint of the 11-dimensional theory and the associated 4-dimensional supergrav-
ity theories. We have solved the 11-dimensional Killing spinor equations to linear order in flux
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and obtained G2 domain walls, consisting of a warped product of a deformed G2 space and a do-
main wall in four-dimensional space-time. The zero mode parts of these solutions have also been
reproduced, to all orders in flux, by solving the Killing spinor equations of the associated effec-
tive four-dimensional N = 1 supergravity theories, obtained by reducing M-theory on G2 spaces
with flux. From this four-dimensional perspective, the solutions are domain walls which couple to
the flux superpotential and with moduli varying non-trivially along the transverse direction. This
transverse variation of the scalar fields can be seen as a path in the moduli space of G2 metrics or,
in other words, a variation of the internal G2 space as one goes along the transverse direction.
We have also shown that these domain wall solutions can be sourced by either a membrane in
four-dimensional space-time or an M5-brane wrapping a 3-cycle within the G2 space. This leads
to an interpretation of our solutions as the simplest manifestation of an M-theory “topological
defect” membrane or wrapped 5-brane appearing in “our” four-dimensional universe. We believe
that studying such defects, arising from wrapped branes, in the context of M-theory cosmology is
an interesting problem.
Our four-dimensional domain walls diverge away from the wall and, in particular, do not ap-
proach Minkowski space. This is a common feature of supergravity domain walls [49]. It would be
interesting to see how these solutions are modified by the inclusion of a non-perturbative superpo-
tential in four dimensions and whether this can remove the divergences. We hope to return to this
question in a future publication.
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A Spinor conventions
Throughout this paper we have made use of certain properties of the Dirac matrices in various
dimensions. We collect these here for reference.
A.1 Three dimensions
In our conventions, the 3-dimensional Minkowski Dirac matrices are given by
ρ0 = −iσ2
ρ1 = σ1
ρ2 = −σ3 . (162)
These obey the following
ρ0ρ1ρ2 = −12 (163)
(ρµ)∗ = ρµ (164)
{ρµ, ρν} = 2ηµν (165)
where µ, ν = 0, 1, 2.
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A.2 Four dimensions
The 4-dimensional Dirac matrices are constructed from the above by
γµ = ρµ ⊗ σ1
γy = 12 ⊗ σ2 . (166)
We can define a 4D chirality operator γ = iγ0γ1γ2γy so that
{γ, γy} = {γ, γµ} = {γµ, γy} = 0 (167)
{γµ, γν} = 2ηµν (168)
(γ)2 = (γy)2 = 1 . (169)
These matrices further obey the following
εˆµνργ
µγνγρ = 6iγyγ (170)
εˆµνργ
νγρ = 2iγyγγµ (171)
(γµ)∗ = γµ (γ)∗ = γ (γy)∗ = −γy , (172)
where εˆ012 := 1.
A.3 Seven dimensions
In 7-dimensional Euclidean space it is possible to define a set of Dirac matrices {ΥA}A=4...10 that
are purely imaginary so that
(ΥA)∗ = −ΥA (173){
ΥA,ΥB
}
= 2δAB . (174)
A.4 11 dimensions
Finally, we define the set of 11-dimensional Dirac matrices{
ΓI
}
I=0...10
=
{
Γµ,Γy,ΓA
}
µ=0,1,2,A=4...10
(175)
by the relations
Γµ = γµ ⊗ 18
Γy = γy ⊗ 18
ΓA = γ ⊗ΥA . (176)
Throughout this paper we use the standard notation
ΓI1...Ip = Γ[I1...Γ Ip] , (177)
for anti-symmetrized products of Dirac matrices.
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A.5 Majorana Conjugation
Since 11-dimensional supergravity is parameterized by Majorana spinors, it is useful to be clear
about our conventions for charge conjugation and, in view of our compactification, how this oper-
ation decomposes under a product spinor Ansatz.
For a general spinor ψ, we define its Majorana conjugate in terms of the matrix B
ψc = B−1ψ∗ . (178)
Imposing that this operation should commute with Lorentz transformations and square to unity
gives the conditions
BΓIB−1 = ±(ΓI)∗ B∗B = 1 . (179)
Let us decompose B as B−1 = B−14 ⊗ B−17 into 4- and a 7-dimensional conjugation matrices B4
and B7. They must satisfy the relations
B4γ
mB−14 = ±(γm)∗ B7ΥAB−17 = ∓(ΥA)∗ (180)
where m = 0, 1, 2, y, in order to reproduce Eq. (179). In our conventions, these matrices can be
represented as
B−14 = γ
yγ B−17 = 18 . (181)
B Properties of G2
We shall now state some results for manifolds of G2 holonomy, in part following Ref. [50, 8].
B.1 G2 Lie Algebra
In this section we define G2 as a subgroup of SO(7) by defining the G2 3-form ϕ. We also decompose
the Lie algebra of SO(7) into a part in G2 and a perpendicular part.
SO(7) and its Lie algebra are given by
SO(7) :=
{
O ∈ Gl(7,R)
∣∣O = OT & det(O) = 1} (182)
⇒ L (SO(7)) = {T ∣∣T T = −T }
= Span {SAB} . (183)
where the basis of 21 generator matrices is
(SAB)
C
D := δ
C
AδBD − δADδCB . (184)
G2 is then defined as the subgroup of SO(7) whose action preserves the 3-form ϕ
ϕ = dx123 + dx145 + dx167 + dx246 − dx257 − dx347 − dx356 (185)
where dxA1...Ap := dxA1 ∧ . . . ∧ dxAp . G2 also preserves the Hodge dual of this 3-form, Φ := ∗ϕ.
We may thus write
G2 :=
{
P ∈ SO(7)
∣∣∣PA′APB′BPC′CϕA′B′C′ = ϕABC } (186)
⇒ L (G2) =
{
T ∈ L (SO(7))
∣∣∣TA′AϕA′BC + TB′BϕAB′CTC′CϕABC′ = 0} .
(187)
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We can then split the SO(7) generators into a group of 7 not in L (G2) and a group of 14 in L (G2),
which are given by
FA =
1
2
ϕ BCA SBC (188)
RAB =
2
3
SAB − 1
6
Φ CDAB SCD (189)
respectively. This represents the branching rule
21SO(7) → (14+ 7)G2 . (190)
B.2 Projector conventions
In solving equations containing G2 spinors, vectors, and tensors, it is usually easiest to project
out irreducible representations of the relevant indices. Here we summarize our conventions for the
projectors that we use.
For a 2-form, ξ, decomposing as (7× 7)anti−symm. → 7+ 14, we have
(P7ξ)AB =
1
6
(ξCDϕ
CDEϕEAB) (191)
P14 = 1− P7 . (192)
For a 3-form, ζ, decomposing as (7× 7× 7)anti−symm. → 1+ 7+ 27 we have
(P1ζ)ABC =
1
42
(ϕ · ζ)ϕABC (193)
(P7ζ)ABC =
1
24
ΦDEFGζEFGΦDABC (194)
P27 = 1− P1 − P7 . (195)
For a 4-form, χ, decomposing as (7× 7× 7× 7)anti−symm. → 1+ 7+ 27 we have
(P1χ)ABCD =
1
168
= (Φ · χ)ΦABCD (196)
(P7χ)ABCD =
1
42
ϕEFGχEFG[AϕBCD] (197)
P27 = 1− P1 − P7 . (198)
For a symmetric rank 2 tensor, S, decomposing as (7× 7)symmetric → 1+ 27, we have
(P1S)AB =
1
7
SCCΩAB (199)
P27 = 1− P1 . (200)
For an SO(7) spinor, decomposing under G2 as 8SO(7) → (1+ 7)G2 we have
P1 =
1
8
(
1− 1
4!
ΦABCDΥ
ABCD
)
(201)
P7 = 1− P1 . (202)
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B.3 G2 spinors
In this section, we construct a basis set for general spinors on a G2 manifold using some of the
results from earlier appendices. We also consider the action of our Dirac matrices on these spinors,
which is crucial in solving the Killing spinor equations.
The 7-dimensional Dirac matrices can be used to provide a representation of L (SO(7)) via
ΣAB :=
1
2
ΥAB (203)
which obey the same commutation relations as the SAB above. We can use this isomorphism to
split the ΣAB as for Appendix B.1
fA =
1
2
ϕ BCA ΣBC (204)
ρAB =
2
3
ΣAB − 1
6
Φ CDAB ΣCD . (205)
We are then able to define a ‘zeroth order’ spinor χ0 by
P1χ0 = χ0 P7χ0 = 0 χ0χ0 = 1 (206)
which is covariantly conserved on the G2 manifold, i.e. ρABχ0 = 0. We further define a set of seven
other spinors {χA} obeying
χA :=
2
3fAχ0 P7χA = χA
χ0χA = χAχ0 = 0 χAχB = δAB
(207)
which represents the branching rule
8SO(7) → (7+ 1)G2 . (208)
We therefore have {χ0, χA} as a basis for spinors on a G2 manifold. The action of our Dirac
matrices on these spinors is then given by
ΥAχ0 = iΩ
ABχB (209)
ΥAχB = −iδABχ0 + iϕ ACB χC (210)
ΥABχ0 = ϕ
ABCχC (211)
ΥABχC = −ϕABCχ0 + (Φ ABDC + δBCΩAD − δACΩBD)χD (212)
ΥABCχ0 = −iϕABCχ0 + iΦABCDχD (213)
ΥABCDχ0 = −ΦABCDχ0 − 4ϕ[ABCΩD]EχE (214)
ΥABCDEχ0 = −i
(
Φ[ABCDΩE]F + 4ϕ[ABC ϕDE]FχF
)
(215)
where ϕ is the G2 3-form, Φ is its dual, Ω is the metric on the G2 space and the Υ are the
7-dimensional Dirac matrices.
B.4 G2 induced metric
The G2 form ϕ naturally induces a metric on a G2 manifold
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ΩAB = (det(s))
−1/9 sAB for
sAB =
1
144
ϕACDϕBEFϕGHI εˆ
CDEFGHI (216)
where the entries of the completely antisymmetric tensor εˆ are either 1 or 0. By writing ϕ = ϕiπi
it is then possible to show that
∂gAB =
[
1
2
ϕ CD(A (πi)B)CD −
1
18
(ϕ · πi)gAB
]
∂ϕi (217)
using some of the identities below.
B.5 G2 identities
Throughout this paper, the following G2 identities have been used:
ϕ · ϕ = 42 (218)
ϕACDϕBCD = 6δ
A
B (219)
ϕABEϕ
E
CD = ΦABCD +ΩACΩBD − ΩADΩBC (220)
Φ · Φ = 168 (221)
ΦACDEΦBCDE = 24δ
A
B (222)
ΦABEFΦ
EF
CD = 2ΦABCD + 4(ΩACΩBD −ΩADΩBC) (223)
ϕBCDΦABCD = 0 (224)
ϕ DEA ΦBCDE = 4ϕABC (225)
ϕ FAB ΦFCDE = ΩACϕBDE +ΩADϕBEC +ΩAEϕBCD −
ΩBCϕADE − ΩBDϕAEC −ΩBEϕACD (226)
ϕ[ABCΦDEFG] =
1
5
εABCDEFG (227)
3ϕ
[CD
(A ϕ
EF ]
B) + 4Φ
[CDE
(Aδ
F ]
B) − ΦCDEFΩAB = 0 (228)
ǫCDEFGHIϕACDϕBEF = 24ϕ
[GH
(Aδ
I]
B) , (229)
where ϕ is the G2 3-form, Φ is its dual and Ω is the metric on the G2 space. For a 4-form α such
that P7α = 0, we have the further results that
α · Φ = 4(∗α) · ϕ (230)
(P27α)(A
CDEΦB)CDE = −3(P27 ∗ α)(ACDϕB)CD . (231)
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